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a b s t r a c t

A novel mathematical model to simulate the growth of microalgae in the solar collector of recirculating
helical photobioreactors (BIOCOIL) is proposed. The dynamic-spatial behavior of the nutrient species
in liquid phase (CO2, nitrates and orthophosphates) and the primary photosynthesis product (O2) are
quantitatively described through the proposed model where the simulation of cell growth, proliferation
eywords:
icroalgae

hotobioreactors
IOCOIL
O2 sequestration
athematical modeling

and its distribution within the tubular section of the helical photobioreactor is improved with respect
to the existing literature by properly taking into account suitable population balances. Light intensity
distribution within the culture medium is also quantitatively described. Model results and the literature
experimental data in terms of dry biomass content and its distribution within the photobioreactor tube
have been successfully compared, thus demonstrating the validity of the proposed model as well as its
predictive capability.
opulation balance

. Introduction

The production of biofuels from algal biomass is one of the most
mbitious task to fulfill a sustainable ecological balance worldwide.
he main goal is the reduction of environmental contamination by
ecycling part of the CO2 produced through energy generation by
ossil fuels and use it to obtain biofuels or other valuable products.
ecently, the possibility of employing photoautotrophic microal-
ae that utilize CO2 as a carbon source for their growth, and the
ubsequent production of biofuels or other valuable products from
he obtained algal biomass, has been investigated [1,2].

The proposed processes are based on the use of specific pho-
obioreactors where different types of algae are cultivated using
uitable nutrients as well as CO2 as carbon source.
A variety of photobioreactors have been proposed in the liter-
ture [1,3–5]. Reactor configurations vary from horizontal tubular
ystems [6] to helical tubular reactors [7,8], cascade reactors [9],
lveolar flat panels [10] and others, as reported by [11].

∗ Corresponding author at: Dipartimento di Ingegneria Chimica e Materiali, Unità
i Ricerca del Consorzio Interuniversitario Nazionale “La Chimica per l‘Ambiente”
INCA), Unità di Ricerca del Dipartimento Energia e Trasporti del Consiglio Nazionale
elle Ricerche, Piazza d’Armi, 09123 Cagliari, Italy. Tel.: +39 070 675 50 58;
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385-8947/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
oi:10.1016/j.cej.2009.10.059
© 2009 Elsevier B.V. All rights reserved.

Horizontal or helical tubular systems, as well as combina-
tions of vertical flat panels and bubble columns appear to be the
reactor configurations whose scale up may be relatively straightfor-
ward [11]. In particular, the patented helical configuration named
BIOCOIL is characterized by very simple and relatively inexpen-
sive design, easy to assemble and operate. Moreover, small space
requirement as compared to other equipments is required by BIO-
COIL reactors. It has been recently recognized that the development
and application of the technology for CO2 sequestration based on
photobioreactors needs to be optimized from the operational point
of view in terms of selected algal species, sunlight, temperature as
well as the corresponding design parameters, i.e. light regime, heat
and mass transfer conditions, etc. [11]. In addition, such technol-
ogy has not been easily scaled-up since experimental data from
laboratory reactors have not been correctly interpreted [12].

To this aim, suitable mathematical models of photobioreactors
have been proposed. So far, the basic characteristics of algal kinetics
[13–23] have been taken into account.

Most mathematical models available in the literature were
also capable of quantitatively describing light distribution within
the culture [13,14]. However, only few of them were devoted to

predict biomass, dissolved oxygen and carbon dioxide concentra-
tion profiles in tubular photobioreactors [18], pH evolution [22],
mass transfer [16] and the influence of hydrodynamic regime
on light conversion [23]. Recently, Wu and Merchuk [19] pro-
posed a dynamic model which accounts for photosynthesis and

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:cao@visnu.dicm.unica.it
dx.doi.org/10.1016/j.cej.2009.10.059
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hotoinhibition phenomena on the basis of the three states model
f photosynthetic factories (PSF), originally proposed by Eilers and
eeters [24].

To the best of our knowledge, despite the large number of
athematical models appearing in the literature to simulate pho-

obioreactors, no comprehensive models, which accounts for all
omplex phenomena taking place, including algal cell metabolism
s well as microalgae population, have been proposed. Most of
hese models are based upon the assumption that individual
ells have the same growth rate, biochemical composition and
etabolism. On the other hand, the latter ones are strongly related

o the cell size or cell mass [25–27]. In particular, smaller algae
chieve higher rates of photosynthesis, have higher specific growth
ates and also a faster uptake of nutrients per unit of biomass [28].
ince an algae population is a system where algae of different sizes
re present, the assumption that all cells have the same dimen-
ion or mass may determine significant errors when simulating
he behavior of an algal culture within a photobioreactor. In fact,
ells having different size or mass will be erroneously described
s if characterized by the same growth rate. Moreover, the correct
imulation of algae size distribution will also provide appropriate
nsights with respect to operational photobioreactor parameters.
n fact, during typical algal cultivation processes, a suitable har-
esting step using suitable centrifuges is required because cells are
tabilized and suspended in broth due to their small size, low con-
entration and electrical stability. Accordingly, they do not settle
ut of the broth due to gravity in realistic time frame [29]. Con-
equently, if the dispersed algal cells are characterized by large
verage diameters, phenomena such autoflocculation could take
lace so that microalgae could be more easily separated through
simple gravitational settling operation thus allowing a cost-

ffective harvesting of microalgae.
For these reasons, the quantitative description of the evolution

f cell size distribution during microalgae cultivation cannot be
issed when developing suitable mathematical models of microal-

ae growth within photobioreactors.
In the present work we propose a simulation model to quanti-

atively describe the growth of microalgae in the tubular section
f recirculating helical photobioreactors (BIOCOIL). The model
ccounts for “mass structured” population balances which permit
o properly simulate cell growth, replication and its distribution
ithin the tubular-helical photobioreactor. Specifically, a novel
ass-dependent growth kinetics has been proposed. The latter one

akes also into account light intensity, nutrients concentration and
nhibitory effects of dissolved oxygen. Light intensity distribution

ithin the culture medium is also accounted for. Model results
nd the literature experimental data [30] in terms of dry biomass
ontent and its distribution within the photobioreactor tube have
een successfully compared, thus demonstrating the validity of the
roposed model as well as its predictive capability.

. Mathematical modeling

The BIOCOIL photobioreactor, schematically illustrated in Fig. 1,
onsists of several sections of PVC tubing that is wound horizon-
ally around a vertical, cylindrical wire frame. It may be illuminated
ither by sunlight or fluorescent lights. Microalgal cells are sus-
ended in a liquid medium (broth) where all nutrients, such as
itrates, phosphates and others, are previously dissolved. Liquid
irculation is assured by an airlift where the flue gas containing CO2

s bubbled in the broth thus allowing the uplifting of the liquid.

According to the original work from which the experimental
ata are taken [30], the continuous supply of carbon dioxide in
he airlift avoids carbon starvation during microalgal growth [17].
ther nutrients are effectively integrated only after 1.81 × 106 s
Fig. 1. Schematic representation of BIOCOIL photobioreactor.

(about 21 days), when their stepwise replacement is started and
maintained up to 40 days of algae cultivation.

The approach to simulate the growth of microalgae in the
tubular section of the photobioreactor is based upon the classical
homogeneous, isothermal, axial dispersion model for main nutri-
ent species (C, N, P) and photosynthesis product (O2) present in the
liquid phase. Specifically, the phenomena taking place in the airlift
are neglected, since only the tubular section of the experimental
apparatus is modeled. It is worth noting that microalgae may use
as carbon source the dissolved CO2, HCO3

− and CO3
2− that are avail-

able within the liquid medium. Since experimental data [30] were
obtained from trials where concentration of HCO3

− and CO3
2− dis-

solved in the broth were very high and the consumed carbon was
reintegrated by CO2 dissolution in the airlift system, carbon was
not considered as limiting nutrient in our model. Furthermore, we
assume that photosynthetic O2 is removed within the degasser by
means of stripping procedures, so that the liquid re-circulated in
the tubular stage (light collector) contains O2 concentration close
to the saturation value in water. For the reasons above the presence
of gas in the tubular section is neglected. Under these assumptions,
and considering the tubular geometry of the photobioreactor, the
relevant material balances of our model may be written as follows:

∂Cj
∂t

= −vz · ∂Cj
∂z

+ ED · ∂
2Cj
∂z2

− 1
yX/j

∫ ∞

0

�m(m,z, I, Cj, CO2 ) · (m,z) · dm (1)

j = 1, 2; 1 = NO3
−; 2 = H2PO4

−

along with the following initial and boundary conditions:

Cj = C0
j @ t = 0,∀z ∈ [0, L] for j = 1,2 (2)

vzCj
∣∣
z=0− = vzCj

∣∣
z=0+ − ED

∂Cj
∂z

∣∣∣∣
z=0+

@ z = 0,∀t > 0 for j = 1,2

(3)

∂Cj
∣∣∣
∂z ∣
z=L

= 0 @ z = L,∀t > 0 for j = 1,2 (4)

It should be noted that in the classical Danckwerts’ boundary
condition given by Eq. (3) Cj

∣∣
z=0− = Cj

∣∣
z=L , since nutrients are com-

pletely re-circulated from the outlet (z = L) to the inlet section (z = 0)
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f the photobioreactor. The material balance for oxygen may be
xpressed as follows:

∂CO2

∂t
= −vz · ∂CO2

∂z
+ ED · ∂

2CO2

∂z2

+ 1
yX/O2

∫ ∞

0

�m(m,z, I, Cj, CO2 ) · (m,z) · dm (5)

long with the following initial and boundary conditions:

O2 = C0
O2

@ t = 0,∀z ∈ [0, L] (6)

vzCO2

∣∣
z=0− = vzCO2

∣∣
z=0+ − ED

∂CO2

∂z

∣∣∣∣
z=0+

@ z = 0,∀t > 0 (7)

∂CO2

∂z

∣∣∣∣
z=L

= 0 @ z = L,∀t > 0 (8)

here the symbol significance is reported in Section 5. As discussed
bove, oxygen is not re-circulated in order to avoid inhibitory
ffects on algal growth. Since in the simulated experimental trials
onsidered in this work [30] the degassing operation is performed
y means of stripping procedures, it is assumed that, at the degasser
utlet and thus at the inlet section (z = 0) of the loop, oxygen con-
entration is equal to the saturation concentration of oxygen in
ater (i.e. C0

O2
= 9.1 mg L−1), so that CO2

∣∣
z=0− = C0

O2
.

The nutrients, i.e. NO3
− and H2PO4

−, are, instead, recirculated
t the photobioreactors inlet. In the reactive term of Eqs. (1) and
5), the time rate of change of the mass m for a single microalgal
ell, �m may be expressed [31] according to the Monod’s model for
ultiple nutrient limitation [32] where cell mass, concentration

f limiting nutrients, photosynthetically active radiation as well as
issolved oxygen concentration are accounted for. Specifically, by
onsidering the equation proposed by Molina et al. [6], being the
nhibitory effect of dissolved oxygen taken from Li et al. [21], the
ollowing expression of the time rate of change of cell mass is used
n the proposed model:

m(m,z, I, Cj, CO2 )

=

⎡
⎣�max · In

InK + In ·
2∏
j=1

Cj
Kj + Cj

·
(

1 − CO2

CO2,max

)
−�c

⎤
⎦ ·m (9)

here the symbol significance is reported in Section 5. It should be
oted that �c is the catabolic rate constant which, due to the lack
f information available in the literature, has been assumed equal
o zero during the simulations.

To evaluate the biomass concentration, the following “mass
tructured” population balance [32] is taken into account:

∂ 

∂t
+ ∂(�m · )

∂m
= −vz · ∂ 

∂z
+ ED · ∂

2 

∂z2
+� (m,z, I, Cj, CO2 ) · 

− 2

∫ ∞

m

 ·� (m′, z, I, Cj, CO2 ) · p(m,m′) · dm′

(10)

long with the following initial and boundary conditions:

(m,z, t) =  0(m,z,0) @ t = 0, ∀z ∈ [0, L] (11)

z ·  
∣∣
z=0− = vz · 

∣∣
z=0+ − ED · ∂ 

∂z

∣∣∣∣
z=0+

@ z = 0,∀t > 0 (12)

∣

∂ 

∂z

∣∣∣
z=L

= 0 @ z = L,∀t > 0 (13)

here� represents the cell mass distribution while the remaining
ymbol significance is reported in Section 5.
g Journal 157 (2010) 297–303 299

In Eq. (10) the two terms of the left-hand-side represent the
accumulation and the cell growth term, respectively. On the other
hand, the first two terms of the right-hand-side of Eq. (10) rep-
resent the convective and dispersive terms while the third one is
related to the death of mother cell due to mitosis. Finally, the fourth
term of the right-hand-side of Eq. (10), represents the cell birth by
mitosis where two daughters cells are obtained from one mother
cell. It should be noted that in the classical Danckwerts’ boundary
condition given by Eq. (12),  

∣∣
z=0− =  

∣∣
z=L , since biomass is com-

pletely recirculated from the outlet (z = L) to the inlet section (z = 0)
of the photobioreactor.

The fraction (� ) of dividing cells of mass m′, and the probability
partition function for dividing cells (p) may be expressed as follows
[31]:

� (m,z, I, Cj, CO2 ) = �m(m,z, I, Cj, CO2 )

· 1/
√

2��2 exp[−(m−�0)2/2�2]

1 −
∫ m

0
1√

2��2
exp −(m′ −�0)2/2�2 · dm′

(14)

p(m,m′) = 1
ˇ(q, q)

1
m′

(
m

m′

)q−1(
1 − m

m′

)q−1
(15)

where � and�0 are the standard deviation and the average cellular
mass of dividing cells of the division probability density function,
respectively, while ˇ(q,q) is the symmetric beta function. � is also
called the division intensity function and represents the tendency
of the budding cells to divide as they approach a certain critical
mass �0. The probability partition function p describes the mass
distribution of newborn daughter cells resulting form mother cell
division being:∫ m

0

p(m,m′) · dm′ = 1 (15b)

The local biomass concentration X, is then evaluated as the first
moment of the population through the following expression:

X(t, z) =
∫ ∞

0

 (m,z) ·m · dm (16)

The average light intensity I within the culture in tubular pho-
tobioreactors may be expressed as follows [20]:

I = I(t, z) = I0(t)
	eqKaX(t, z)

· [1 − exp(−	eqKaX(t, z))] (17)

where 	eq is the length of light path that is related with the tube
diameter, Ka is the optical extinction coefficient for biomass, and
I0 is the incident light intensity. The term 	eq has been evaluated
according to the procedure proposed by Molina et al. [20].

The numerical solution of the proposed model which results in
a 2-D PDE system of equations, is obtained by discretizing the pop-
ulation balance Eq. (10) with finite difference on the mass variable
m. The resulting 1-D PDE system in the z variable is solved by the
IMSL subroutine DMOLCH which reduces, through the method of
lines, the 1-D problem to a system of ordinary differential equations
(ODEs). The last one is solved using the subroutine DIVPAG of the
IMSL libraries.

3. Results and discussion
The reliability of mathematical model is first tested by compar-
ison with the literature experimental data concerning the growth
of the cyanobacteria Spirulina platensis on “BIOCOIL” photobioreac-
tor [30]. Data by Travieso et al. [30] have been chosen since all the
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Table 1
Model parameters used for simulation of Spirulina growth in BIOCOIL
photobioreactors.

Parameter Value Unit Reference

Ka 0.15 m2 g−1 [13]
Ik 160 �E m−2 s−1 [34]
n 1.49 – [20]
�max 2.06 × 10−5 s−1 [35]
KNO3 5.314 g m−3 Calculated from [36].
KH2PO4 0.028 g m−3 Calculated from [37]
ED 6.67 × 10−5 m2 s−1 [38]
C0

O2
9.1 g m−3 Evaluated as reported in the text

CO2,max 47.9 g m−3 [21]

cell 1.02 × 106 g m−3 [39]
yX/NO3

2.7 – [40]
yX/H2PO4

40.805 – Calculated from [41]
yX/O2

0.534 – Calculated from [41]
q 40 – [31]
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�0 2.6 × 10−10 g [42]
� 1.25 × 10−10 g [31]

elevant information for performing the simulations without any
djustable parameter are provided.

S. platensis has been cultivated in a culture medium where all
acro-nutrients (N, P) were in concentrations sufficient to sus-

ain the batch microalgal growth for about 1.38 × 106 s (16 days).
n particular Na2CO3 was present in the medium at high concen-
rations so that no limitations due to carbon depletion may take
lace. In addition, the continuous supply of air enriched with CO2
4%) in the airlift avoided any carbon limitation during the pro-
ess. The BIOCOIL photobioreactor has a cylindrical shape (0.9 m
eight) with a 0.25 m2 basal area and a photostage comprising
0 m of transparent PVC tubing having 0.016 m of inner diameter.
he inner surface of the cylinder was illuminated with fluores-
ent lamps which guaranteed an incident light intensity of about
0.15 �E m−2 s−1 for the first 9 × 105 s (10 days). Subsequently a

ight intensity of 156.64 �E m−2 s−1 was used [30].
The flow-rate vz inside the tube was equal to 0.19 m s−1 [30]. The

emaining model parameters, whose values are reported in Table 1,
re taken from the literature related to either the original work from
hich the experimental data have been taken or to specific sources
here other model parameters values were available.

All the parameters used in the simulation are related to
icroalga S. platensis. Only the coefficient n, the maximum allowed

2 concentration (CO2,max) is related to different types of microal-
ae due to the lack of the corresponding values in the literature.
s for as the yields of nutrients yx/j, their values are obtained by

he average stoichiometry for S. platensis proposed by Paille et
l. [41]. The initial mass distribution of cells was calculated by
onsidering that typical S. platensis tricomes are constituted by a
equence of cylindrical shaped cells having diameter ranging from
× 10−6 to 12 × 10−6 m with an average value of 8 × 10−6 m. The
ell length varies from 2 × 10−6 to 3 × 10−6 m with an average value
f 2.5 × 10−6 m [33]. By considering a specific mass of the single cell
f 1.02 × 106 g m−3, an average cell mass value of 1.28 × 10−10 g was
alculated along with its standard deviation. The initial mass dis-
ribution was assumed to be of Gaussian type and was evaluated
hrough Eq. (16) to obtain the total initial biomass concentration
f 250 g m−3 as reported in the literature [30]. As for as the other
arameters, the average mass of dividing cells, �0, appearing in
q. (14), is assumed equal to about twice the value of the mode of
he initial distribution (i.e. 2.6 × 10−10 g). This seems a reasonable
hoice as suggested by Pisu et al. [42]. Regarding the other param-

ters related to the division probability density and partitioning
unctions, i.e.� and q, respectively, we select typical values for mass
tructured cell population balance models in an environment of
hanging substrate concentrations [31]. In Fig. 2, model predictions,
Fig. 2. Biomass concentration growth in the final section of the tube (log scale)
as predicted by the proposed model (continuous line) and comparison with the
literature [30] data (©).

in terms of biomass concentration as a function of time at the final
section of the tube, are compared with the experimental data by
Travieso et al. [30]. While it is seen that the matching is quite good,
thus demonstrating the reliability of the proposed model as well as
its predictive capability, the latter one does not properly simulate
the scattered experimental data after 1.81 × 106 s (about 21 days),
of culture are reached. This is because, once the stationary phase is
reached during experiments, the photobioreactor was operated in
a semi-continuous mode by stepwise replacement of its medium
using suitable solutions [30]. Since this experimental operation is
not accounted for in the present model, a good matching with
experimental data cannot be obtained with respect to the entire
range of the available experimental data. However, the proposed
model is able to quantitatively simulate the obtained experimen-
tal data even under the semi-continuous mode described above
since the stepwise replacement of the medium involves a relatively
small percentage of the liquid volume circulating within the reac-
tor so that the corresponding steady state behavior resulted to be
anyway well interpreted by the model.

It is worth noting that the change in the slope of model results
at t = 9 × 105 s (10 days) is related to the light intensity increase
from 70.15 to 156.64 �E m−2 s−1 performed during the experiment,
which as expected, affects microalgal growth kinetics. The photo-
synthetically active radiation within the culture in the final section
of the tube is also shown in Fig. 3. It is seen that while at the early
stage of algae culture the difference between the incident radiation
and the corresponding active one is relatively small, it significantly
increases as the biomass grows.

Fig. 4 illustrates the calculated nutrient and oxygen concentra-
tions as a function of time in the final section of the tube (z = L).
Unfortunately, model results cannot be compared with experimen-
tal data since the latter ones were not available [30].

From Fig. 4 it is possible to observe that at about 1.55 × 106 s (18
days) of algae culture the total consumption of nutrient NO3

− in
the culture medium is reached. Under these conditions, the pho-
tosynthetic activity is stopped, as demonstrated by the oxygen

concentration which reaches the value of C0

O2
corresponding to that

one at the degasser exit. In the simulation, this value has been set
equal to the saturation concentration of oxygen in water at 25 ◦C
(9.1 g m−3). It is also apparent that while the time profile of the
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ig. 3. Time evolution of photosynthetically active radiation in the final section of
he tube as predicted by the proposed model (continuous line) is compared with the
ncident radiation values (dotted line).

utrient H2PO−
4 is similar to that one of NO3

−, although it did not
rop to zero, oxygen concentration within the culture first increases
t different rates depending upon both the augmentation of the
ncident radiation and the algae metabolism which represents an
xygen source. It then reaches a maximum at about 1.12 × 106 (13
ays) and then start decreasing as the concentration of the nutrients
rops below certain values, according to the time rate of change of
ell mass given in Eq. (9) and the way the reactor is operated, i.e.
roduced oxygen is removed at the degasser.

Since the inhibitory action of O2 plays a crucial role in the
caling-up of this technology, in Fig. 5 the axial profiles of O2 con-
entration along the tube are reported for different times.

From the same figure it is possible to observe that the

xygen concentration within the liquid phase keeps increasing
nside the photobioreactor since the biomass, whose metabolism
roduces oxygen, constantly increases. However, as observed
bove, the concentration levels keeps decreasing after the cor-

ig. 4. Time evolution of nutrients and oxygen concentrations in the final section
f the tube, as predicted by the proposed model.
Fig. 5. Oxygen concentration along the tube axis (z) as predicted by the proposed
model.

responding maximum values are reached, as the culture time is
augmented.

The time evolution of the cell mass distribution in the final sec-
tion of the tube is reported in Fig. 6. It is possible to observe that
cell distribution displays a typical transient behavior, thus mov-
ing back and forth as mitosis and growth phenomena take place.
Starting from an unimodal population (with mode 1.28 × 10−10 g),
cell proliferation begins. Subsequently, cells gain weight to reach
their mitotic size which is close to the value of�0. After 2.16 × 105

to 2.59 × 105 s, the distribution becomes bimodal with modes that
correspond to peaks of mother and daughter cells. Then, the dis-
tribution becomes once again unimodal with an average cell mass
different from the starting one. This behavior is described by the
mass structured population balance proposed in the present work.
In particular, from the analysis of the cell population distribution
it is possible to extrapolate the temporal evolution of the average
cell mass which displays an oscillating behavior as shown in Fig. 7.
This fact may be explained considering that the average mass of
dividing cells (�0) has been set equal to a value slightly greater
than twice of the average cell mass of the initial cell distribution
( 0), so that a certain time is required for cells to gain mass and

reach the mitotic condition. After cell mitosis, the average cell mass
decreases (daughter cells are smaller than the mother ones). Then,
cells keep on growing to reach mitotic condition and the average
cell mass increases again. During the cultivation time the amplitude

Fig. 6. Cell distribution in the final section of the tube as predicted by the proposed
model.
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ig. 7. Mean cell mass evolution in the final section of the tube as predicted by the
roposed model.

f oscillations decrease and the average cell mass remain stable
round the value of 1.57 × 10−10 g, since the photosynthetic activ-
ty stops due to the complete consumption of nutrients. Although
or the algae used during experimental runs it would be more use-
ul to know the mass of thricomes rather than that one of single
ell, as for the case of unicellular microalgae, i.e. chlorella, haema-
ococcus, etc., the evolution of the cell population distribution may
e particularly helpful when a specific cell mass (size) is desired so
hat the corresponding harvesting operations may be optimized.

. Conclusions

The mathematical simulation of microalgal growth in the solar
ollector of BIOCOIL photobioreactors is addressed in this work.
he model, which simulates temporal evolution of cells, macronu-
rient and oxygen concentration in liquid medium along the tube,
y taking advantage of mass structured population balance is able
o quantitatively describe the cell mass distribution during the pro-
ess. By comparing model results with the literature experimental
ata a good matching is obtained thus confirming the capability of
he population balance approach when describing cell growth and
ts proliferation. A possible future direction of this work may take
nto account the description of the interphase mass transfer of O2
nd CO2 in the liquid phase along with the related chemical equilib-
ia which may influence the sequestration process. Also modeling
f interphase mass transfer phenomena occurring in the airlift will
e addressed in future works.

. Notations

j concentration of jth nutrient in culture medium (g m−3)
O2 dissolved oxygen concentration in culture medium

(g m−3)
O2, dissolved oxygen concentration at which algal growth is

−3
inhibited (g m )
D axial dispersion coefficient (m2 s−1)

photosynthetically active radiation within the culture
(�E m−2 s−1)

0 incident photosynthetically active radiation (�E m−2 s−1)
g Journal 157 (2010) 297–303

Ik half saturation constant for photosynthetically active
radiation (�E m−2 s−1)

Ka optical extinction coefficient (m2 g−1)
Kj half saturation constant of jth nutrient (g m−3)
L reactor length (m)
m single cell mass (g)
n coefficient appearing in the rate of cell growth
p partitioning function (g−1)
q coefficient appearing in the beta function
t time (s)
X biomass concentration (g m−3)
yX/j ratio of weight of dry biomass produced to weight of jth

nutrient consumed
yX/O2

ratio of weight of dry biomass produced to weight of oxy-
gen produced

vz fluid velocity (m s−1)
z spatial coordinate (m)

Greek letters
ˇ(q,q) symmetric beta function
� division rate function (s−1)
�0 average mass of dividing cells (g)
�max maximum specific rate of cell growth (s−1)
�c catabolic growth rate (s−1)
�m time rate of change of cell mass m (g s−1)
	eq average length of light path (m)
� standard deviation of the Gaussian distribution
 cell distribution function in a generic spatial position

(g−1 m−3)

Superscripts
0 initial conditions
′ mother cell

Subscripts
j nutrient
O2 oxygen
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